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Abstract

In this lecture series [ present recent deveiopments in perturbation theory
methods for gauge theories for processes with many partons. These techniques
and results are useful in the calculation of cross sections for processes with
many final state partons which have applications in the study of multi-jet
phenomena in high-energy colliders. The resuits illuminate many important
and interesting properties of non-abelian gauge theories.

1 Introduction

In high 2nergy collisions among hadrons and/or leptons the production of final states
with a large number of energetic, widely separated partons gives rise to events with
many jets in the final state potentially important probe on new physics [1], e.g. in
the case of the sequential decays of new heavy particles, such as a Higgs decaying
to four jets through real W/Z pairs, or such as a pair of heavy gluinos decaying into
a multi-jet system through a chain-decay of the various unstable supersymmetric
particles. The possibility of using these observables to identify new phenomena
relies on our capability to predict the production rates and features of the standard
multi-jet production mechanisms which often provide a significant background to
these discovery channels.

Consider the production of the top quark at a high energy hadron collider,
p+F — t+t+ 2
Now each top quark decays in the standard model via the following process,

i — W o+ b,
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followed by the decay of the W boson into leptons or quarks.

4% —»l-—f—

- 9 T 9.

Hence there are three signals through which the top quark can be observed,

o« | — ' ~ b — b+ missing transverse energy,
e | - twojets - b - b - missing transverse energy,
o four jets — b + 5.

The first of these nas the smallest signal rate and smallest background, the next has
larger rate and background. whereas the finai topology has an enormous background.
The calculation of these backgrounds is where the techniques developed here are
most useful, What is the QCD/EW background to the second top signai? i.e.
What is the W plus four jet production cross section at hadron colliders? For the
last top pair signal. suppose the experimentalists tag on one of the b-quarks. How

does the signal to background now compare? For this you need to know the six jet
production rate from QCD with a b pair.

In this series of lectures [ review the recent developments for the calculation
of multi-parton matrix elements in non-abelian gauge theories. Most of what is

discussed here plus references can be found in more detail in the review by Mangano
and Parke [2].

In Section 2 I describe the helicity-amplitude technique and introduce explicit
parametnizations of the polarization vectors in terms of massless spinors. An explicit
QED example 1s given. Then I show how to decompose the color structures of non-
abelian gauge theories. first for quark-gluon amplitudes and then lor pure giuonic
amplitudes. Many explicitly results are presented.

Section 3 the factorization properties of the sub-amplitudes are described. The
results contained in this Section are useful for a better understanding of the structure
of multil-parton ampiitudes in gauge theortes.

Section 4 introduces the Berends-Giele recursion relations, which ailows the cal-
culation of the matrix elements to be performed in a recursive fashion, providing
an algebraic algorithm which can be efficiently used for numerical evaluation of

higher order processes. The usefulness of this technique is shown using W plus jet
production in Hadron Colliders.

Section 5 describes the various approximation techniques that have been in-
vented followed by the conclusions and an appendix on spinor calculus and the
color truncated Feynman rules for non-abelian gauge theories.



2 Helicity Amplitudes

The use of helicity amplitudes for the caiculation of multi-parton scattering in the
high-energy (massiessj limit was pioneered in papers by J.D. Bjorken and M. Chen
:3], and by O. Reading-Henry [4], and later further developed and fully exploited by
the Calkul Collaboration in a classical set of papers (3, 6].

This method relies on two important techniques;

o the decomposition of the amplitude into appropriate gauge invariant sub-
amplitudes,

o and the evaluation of each gauge invariant sub-amplitude using an explicit
representation of the polarization vectors and spinors for the external particles.

2.1 Polarization Vectors and Spinors

Let us start with a simple application of the helicity amplitude technique in QED.
Consider the process of massless electron-positron annihilation into a photon pair.
Two diagrams contribute to the process — t-channel and u-channel fermion exchange
(see Figure 1). If g,§ are the momenta of the electron and positron, p;; are the
momenta of the two photons. Then the contributions of the two diagrams are as
follows:

it
Mo = Z—u)dp)(d + 51)é(p2)o(a), (2.1)
-2 . sy e - ‘
Mo = ——u{q)é(p2)(d ~ p2)é(pl)n(q). (2.2)
Dqpa

Where [ have used the convention that all particles are labelled (momentum, helicity,
etc) as if they are outgoing so that 3% p; = 0, S,y = (¢g+p)? = 2p-qand
P = pur*

To check that the sum of these two diagrams form a gauge invariant subamplitude
( as i1t must be for this simple case) replace €(p;) — p; then M, + M, must be equal
zero. This could also have been done with the second photon. This check of gauge
invariance can be used also in the non-abelian cases considered later.

To calculate the helicity amplitudes we need projections of the spinors and the
polarization vectors for both positive and negative helicity. First for the spinors. we
use a Weyl basis and write

p=i =

|

Laywolp) i = a(p)i(l =) (2.2

h



Figure 1: The abelian diagrams contributing to fermion-antifermion annihilation
into two vectors.

From these spinors we can form various spinor products

Pg) = (p—ig+) pe) = (p+lg-), (2.4)

{p~ig—) =0 {p+ig+) =0 (2.5)

which have many useful properties, which are summarized in the appendix. Here

I want to emphasize one important property that both (pg) and [pq] are complex
square roots of Sp,.

We can use these spinors to form the helicity projections for the vector particles
following Xu, Zhang and Chang in Ref.[7]
Vv2(k Fipx)

Where the momentum, k, is an arbitrary light-like momentum not parallel to p.
These polarization vectors satisfy the standard properties;

Ef(p,k) = (2.6)

ex(p k) = (f(p. k)", (2.7)
e*(p,k)-p = 0, (2.8)
eX(p, k) - e*(p, k) = 0, (2.9)
e*(p,k)- € (p,k) = —1 (2.10)

as well as

ef(p, k) k = 0. (2.11)



The fact that this choice can be made is most easily understood from SUSY: under
a supersymmetry transiormation. §4¥ — w(p) v# v. where v is an arbitrary spinor.

The contraction of these polarization vectors with -y, gives

-

v 2

e(p, k)~ = =
(P Wk Fipx)

{(Ipxrik = + kd¥p=i) (2.12)

and a change in reference momentum leads to

~ kR
Ipk) = (oK) — VIl
i Lkpy (k')

Note that the factor in front of the right hand side poiarization vector is just unity,
not some complicated phase factor. This is because of the choice of normalization
in the definition of €(p, ). Also. since we will always evaluate gauge invariant sub-
amplitudes the second term gives no contribution. Therefore we can use different
reference momentum for different particles and different reference momentum for
different sub-amplitudes.

(2.13)

Using this machinery we can now calculate M = M, + M, for the various helicity
projections for our simpie electron-positron annihilation into two photon example.
For a negative helicity electron and a positive helicity positron we have

_ (—1e?)

M nmmd?) = p—la—dp)d+pp) 7-)  (219)
- (;i:)<q_'é(P2)(‘f+ﬁz)é(p1)Q—) (2.15)

Now if we substitute our polarization vectors for the photons choosing &, = k; = q
for both positive or necative helicity we easily obtain

M”51 72,37) = M(g7,7,77,d7) = 0. (2.18)
For opposite helicity photons. again choosing k; = k; = g, it is easy to calculate
that s
S . , fql)” (g1
Mg w745, §7) = —2iet— 9t (4Y) (2.17)

(q1)(19)(q2}(2q)
Of course, because of gauge invariance, the answer is independent of which reference

momentum we choose [or the photons but the ease of calculation is not.

Summing over ail helicity amplitudes we obtain

2 ., tz
MPP = gett T (2.18)
ut

which 1s the weil known resuits.



The real usefulness of these particular polarization vectors is only seen in non-
abelian theories where the Feynman diagrams contain many € ¢ factors. If the two
vectors have the same heliciiy then

e (p, k) -7 (p', k") % (2.19)
r ' 1
e (p, k) - e (P, k) gz]—&% (2.20)

If £ = k', both these dot products vanish. Suggesting the rule that if two vectors
have the same helicity one should use the same reference momentum.

If the two vectors have opposite helicity then

[Pk \(p'k)
(kp)|k'p']

Again, if & = p or & = p’ then this dot product vanishes. Suggesting the rule
that for unlike helicities the reference momentum of one of the vectors should be
the momentum of the other vector. Unfortunately this rule and the one above are
inconsistent but they can be applied so as to minimize the number of non-zero ¢- €.

e (p, k) e (P k') = (2.21)

2.2 Quark-Gluon Color Decomposition

Consider a quark and an antiquark with colors a and & respectively then we write
the amplitude as

Mggng = Z (ATA% A% Y s M, Tgi Pry€1s : Prybnad,Vg)y {2.22)
perm
where the sum, perm, is over all n! permutation of the gluons. This expansion of
the quark amplitude in terms of this color basis is well known and ix particular was
used by Kunszt in Reference {8]. We will call the color basis in Equation {2.22) the
quark dual bagis 10},

For the amplitude squared,

Z ‘\Aiqﬂglz = Nn_s(Nz_l) Z {lmqq(qal,----.n,(iﬂz*T‘O(N_z)}- (2-23)

colors {10y}

Notice the exponent of the leading power of N. The explicit form of the sub-leading
terms for n = 2,3,4 is given in reference {10].

Consider quark-antiquark scattering into two gluons as a simple example. There
are three diagrams which contribute to this processes, the two QED diagrams of
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Figure 2: The non-abelian diagram contributing to fermion-antifermion annihilation
into two vectors.

Fig. 1 plus the s-channel diagram, Fig. 2, which is purely non-abelian in nature.
The color structures of the t.u and s-channel diagrams are

%A . (A®A%)os
—1
/\;a agjay __f 81 )02 & — A%\ «a 2.24)
f \/5‘( Jaa — ( Jas) (
respectively. Our normalization of A® is ¢tr(A%A*) = &%, hence /2 in the last

equation.

Therefore for the color factor (A% A%2),; we have a contribution from both the

t- and s- channel diagrams. For a negative helicity quark and positive helicity
antiquark the subamplitude is given by

- . (_igj) N . L . N
m(q”,91,92,§") = 5 (g = vulg=) ({1 — p2)ter1- €2 + 261 - prehy — 2e3-prey)
9q

(—ig?

S

(g —1&(p)(g + P1)é(p2) 13—}, (2.25)

arm

For both gluons with negative or positive helicity it is trivial to show that this
subamplitude vanishes, by choosing the same reference momentum k for both gluons,

m(g™,97,95,3° ) = m(@~.97,47,47) =0 (2.26)

In the case that the giuons have opposite helicity then

»  {q1)’{q1)
(q1)(12)(24)(qq)

m(q7,97,97.47) = ig (2.27)



and s

g 97, 07,07) = gt @
o (q1)(12)(2q)(q)

which is most easily shown by choosing the reference momentum for gluon one to

be the momentum of the second gluon and vice versa; with this choice the s-channel
contribution vanishes.

(2.28)

In general the amplitudes with all particles or all but one particle having the
same helicity vanishes at tree level. Also the quark and the antiquark must have
opposite helicity or otherwise the amplitude vanishes from chirality conservation in
massiess QCD. The amplitudes with one gluon the same helicity as the quark or
antiquark and all other giuons having the opposite helicity have simple expressions:

U SO 141111
dq\d 49 291981,y Gp - g (r'jq)(ql)(12)(nq“)

. - o (¢1)%(q])
mﬂ'(q 1 4 1911"-1913"'391'1) = g {q‘rq)(ql)(m)-(né) (229)

Other amplitudes are more complex, e.g. the general form of the quark- ann%uark
four gluon amplitude has the following pole structure as dictated by duality!l

P, N P,
Laq1Sqq9¢1 923534 tq12541 512534545

m'ﬁ(q‘! Q$gl’92?93’gi) = 194

+ P:l ) Pl
+
t12a512533544 544 S4e 991512523534 544
The numerators A, are complicated and I refer you to reference {10 for explicit
expressions for these quantities. The sub-amplitudes defined by equation (2.22)
have similar properties to the purely giuonic ones in the soft, collinear and multi-
particle pole limits, see Section 3.

(2.30)

To construct the QED results from the non-abelian amplitudes all that is needed
is to replace A,s. in equation (2.22) by 8., for details see reference {11]. For
example, one of the helicity amplitudes involving an electron, positron and n photons
can be written as

{EDe)? > 1

MET ey, oy 1T) = de , —
B ' ) PolEe) Ty (el)(12) - ing)

I3 €
“"2) T2 (2.31)
e)t T legi{je)
In this example one can see that for the abelian amplitude the photons are emit-

ted independently of each other whereas for the non-abelian amplitude there is a
correiation between the emitted gluons.

(

I)
€

= 1

(
\



To extend this quark dual basis to more than one quark antiquark pair I refer
vou to the paper by Mangano i11], and here I briefly sketch the coior basis. For two
quark-antiquark pairs of different flavors with colors a, o’ and &, & the dual color
expansion 1s

Maegigng = Z (H ’\)aﬁ’(H /\)u‘c‘- m;qq,q,(a',f)
{a',-r} -4 T
! , ,
- l—v' (1;[ /\)aa{U A)afdl mgqq.q,(o',‘r) (2.32)

where the sum is over all partitions, {7, 7}, of ail permutations of the n giuons. The
first term is the contribution in which the color flow connects « to & and o to &
whereas the second term comes from the color flow connecting o to & and & to &.
For 1wo quark pairs of the same flavor one must add Mggigigng 10 M gogiging. Similar

: : ; = 0
factorization properties 10 m,, also hold for Migq and me. ...

2.3 Pure Gluon Color Decomposition

Consider an SU(N) Yang-Mills theory, then at tree level in perturbation theory,
any vector particle scattering amplitude, with colors ay,a;...a,, external momenta
P1,P2---Pn and helicities €;,€;...¢,, can be written as

M., = Z tr (ATA%T A ) m(py, €13 P2, €250+ ny €n ), (2.33)
perm/’
where the sum, perm’, is over all (n — 1)! non-cyclic permutations of 1,2,...,n and

the A’s are the matrices of the symmetry group in the fundamental representation.

This expansion is known as the dual expansion because of the invariance of the
. o . ) . "t

sub-amplitudes under cyclic permutationsit2',

The proof that one can always make this expansion is very simple using the iden-
tities (A%, %] = iv/2fuc )¢ and tr(AA%) = 6%, In any tree level Feynman diagram.
replace the color structure function at some vertex using

Sabe = —(1/VZ) tr(ASXPAT — AcAbX%). (2.34)

Now each leg attached to this vertex has a A matrix associated with it. At the other
end of each of these legs there is either another vertex or this is an external leg.
If there is another vertex, use the A associated with this internal leg to write the
structure function of this vertex fu, A® as —t (A%, A¢|/\/2. Continue this processes
until all vertices have been treated in this manner. Then this Feynman diagram
has been placed in the form of eqn(2.33). Repeating this procedure for all Feynman
diagrams for a given process completes the proof.



The sub-amplitudes m(1,2,...,0) = m(py,€1;P2,€25..-Pnr€n) of eqn(2.33)
satisfy a number of important properties and relationships.

(1) m(l,2,....n)is gauge invariant.
(2) m(1,2,....n)is invariant under cyclic permutations of 1,2,....,n
(3) m(n,'n—-l,...,l)=(—-1)"m(1,2,...,n)
(4) The Dual Ward Identity:
m(1,2,3,...,n) + m(2,1,3,...,n) + m(2,3,1,...,n) (2.35)
+ -+ m(2,3,...,1,n) = 0
(5) Factorization of m(1,2,---,n) in the soft, collinear and

multi-gluon pole limits.
(6) Incoherence to leading order in number of colors:

3 Mat = NTHNT )Y {lm(l,E,---,n)P—:~O(N'2}}. (2.36)

coiors perm/’

This set of properties for the sub-amplitudes, we will refer to as duality and the
expansion in terms of these dual sub-amplitudes the dual expansion. Properties
(1) and (2) can be seen directly from the properties of linear independence, for
arbitrary N, and invariance under cyclic permutations of ¢r (A*A?...A"). Whereas
(3) and (4) follow by studying the sum of Feynman diagrams which contribute to
each sub-amplitude. The sum of Feynman diagrams which make the Dual Ward
Identity is such that each diagram is paired with another with opposite sign so
that the combination contained in eqn(2.35) trivially vanishes. Property (5) will be
discussed in great detail in section 3 and the incoherence to leading order in the
number of colors (6) follows from the color algebra of the SU(N) gauge group.

To the string theorist this expansion and the duality properties (1) to (6), see
113], are quite familar since the string amplitude. in the zero slope limit, reproduces
the Yang-Mills amplitude on mass shell (14]. Each sub-amplitude is then represented
by the zero slope limit of a string diagram, and the sub-amplitude could be obtained
by using the usual Koba-Nielsen formula [15]. The traces of A matrices are just the
Chan-Paton factorsi!®). For the string amplitude the properties (1) ihrough (6) are
satisfied even before the zero slope limit is taken. Also from the string diagrams it
is simple to see which Feynman diagrams contribute to a given sub-amplitude, e.g.
Fig. 3. The coefficients for the contributing diagrams are obtained by the procedure
developea earlier in this section for re-writing the color factors. The relationship
between the string diagram and our dual sub-amplitudes suggests that a Yang-Mills

ampiitude expressed in terms of these dual sub-amplitudes will assume a particuiarly
simple form.

The gauge invariance and properties under cyclic and reverse permutations allows
the calcuiation of far fewer than the (n — 1)! sub-amplitudes that appear in the dual



Figure 3: The zero-slope iimit of the four giuon string diagram in terms of Feynman
diagrams (tri-gluon couplings only).

expansion. In fact the number of sub-amplitudes that are needed is just the number
of different orderings of positive and negative helicities around a circle. Of course
some of the sub-amplitudes vanish because of the partial helicity conservation of tree

level Yang-Mills and others are simply related to one another through the properties
(2} through (4).

For four gluon scattering only the helicity conserving amplitudes are non zero.
There are many ways to see this, here we will give the most direct one. Each term in
the four gluon amplitude contains at least one ¢- ¢ factor. By choosing appropriate
reference momenta you can make all - € factors zero in all helicity configurations
except those that are helicity conserving. Using the convention that all particles
are labelled with their helicities and momenta as if they were outgoing, i.e. the
incoming particles have negative energies, the helicity conserving sub-amplitude
(1*,27,37,4%) is given by

m(l?,2:,3;a‘i§) = —21;92 E(1'71,1!73) : f(Pz,PJ E(§3aP4J "Dy €0Pa,P3) P
23
2334
(12)(23)(34)(41)

where the gluons are labelled with superscripts which are the helicities and subscripts
which are the reference momentum. For this helicity configuration and this choice
of reference momenta the only non-zero €- €' is ¢, - ¢,.

In general the four gluon scattering subamplitudes are given by

il

o dIYKL?
S12 S
9 (IJ)*

= Y e Ehan (2.38)

?n2+1..(1, 2? 3,4)
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Figure 4: The zero-slope limit of the five gluon string diagram in terms of Feynman
diagrams (tri-gluon couplings only).

The momenta I and J {K and L) in the numerator are the momenta of the nega-
tive (positive} helicity giuons independent of their ordering in the sub-amplitude,
whereas the order of the spinor products in the denominator is only determined by
the order of the momenta in the sub-amplitude. Using the properties of the spinor

product is simple to demonstrate that eqn(2.38) satisfies the four particle Dual Ward
Identity (2.35).

In squaring the four gluon amplitude and summing over colors the O(N~?) terms
in eqn(2.36) can be shown to vanish by using only the general properties, especially
the Dual Ward Identity, of the sub-amplitudes. Therefore,

D Myl = NUAN'-1) 37 Im(1,2,3,4)%, (2-39)
colors perm/’
and the square of each sub-amplitude is very simple because the spinor product is

the square root of twice the dot product. The final result is the standard four gluon
matrix element squared.

1Y M =N(N-1) g (Z 5‘2‘,-) S (240

hel. coiors >3 permt 512923534541
Here we have not averaged over incoming helicities or colors.

For five gluon scattering only those Feynman diagrams, or part there of, with
color structure the same as the diagrams of Fig. 4 contribute to the m(1,2,3,4,5)
sub-amplitude.

Again, it is a straight forward, simple calculation {12] to show that the only
nonzero sub-amplitudes have either two or three negative helicity gluons and that
the three positive - two negative helicity sub-amplitude is given by

(IJ1)

mata-(L2,3,45) = 18 e e

(2.41)
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Figure 5: The zero-siope iimit of the six gluon string diagram in terms of Feynman
diagrams (tri-gluon coupiings only).

Where  and J are again the momenta of the negative helicity gluons and the denom-
inator ordering is determined by the order of the momenta in the sub-amplitude.
The two positive - ihree negative helicity amplitude is obtained from this last equa-
tion by complex conjugation. By using the Fierz properties of the spinor product it

is easy to demonstrate that eqn(2.41) satisfies the five particle Dual Ward Identity,
eqn(2.35).

Again, the general properties of the sub-amplitude can be used to show that the

O(N~*) terms in eqn(2.36) vanish for the five gluon process giving the following
standard result that

D2 Mt =2 N3N -1 8 (Z S?,—) 3 = .(2.42)

hel. colors i perm’ ‘512523534'545551

Here we have not averaged over incoming helicities or colors.

For the six gluon process only those Feynman diagrams, or part there of. with the
same color structure as the diagrams of Fig. 5 contribute to the m(1,2,3,4,5,8) sub-
amplitude. Then, by using the appropriate reference momenta for the polarization
vectors it is easy to see that the only non-zero sub-amplitudes are those with four
positive - two niegative. 1wo positive - four negative and three positive - three negative
helicities. After a lengthy calculation we have obtained the following expressions for
the six gluon sub-amplitudes.



The sub-amplitudes for the four positive - two negative helicity processes are a
straignt forward generalization of the four and five-giuon sub-amplitudes:

()

e _/1.2.3,4~.s6 - g* ‘
sl B 5. 6) = g T (45) (36) (61)

(2.43)

Again, [ and J represent the momenta of the negative helicity gluons. Different
permutations can be obtained as before by keeping fixed the numerator and per-
muting the momenta in the denominator. The two positive - four negative helicity
sub-amplitude is obtained from eqn(2.43) by complex conjugation.

The three positive - three negative helicity sub-amplitudes are not as simple, To
exhibit the factorization on the three particle channels these sub-amplitudes are

. az ﬁz
mara-(1,2,3,4,5,6) = ig _x . 2.44
+a-(L2,3, ) £12351252355556 234523534 SsaSa1 (244)
N 52 - £12307 + taagra + tyad
 tasS34945561512 512523534545 556 561
where the Lijg = (p,‘ + p; + p;,)z = S,'j + O T S4i. The coefficients Ct,ﬁ and

¥ for the three distinct orderings of the helicities are given in Table I. With this
representation it is a simple exercise to show that these sub-amplitudes factorize on

the three particle poie into a product of two four particle sub-amplitudes, eqn(2.38),
times the three particle propagator.

Table I
Coefficients for the mj,3_ Sub-amplitudes:
where (I|K|J) = (I + {K - y{J+), which is linear in K
and if K? =0 is given by [[TK{K.J).

[ 172%37475-6~ | 1T2¥37475"6~ | 172-3%4-576-
| X=1f2+3Y_1+2+4‘z1+3+5
o 0 —[12{(56){4|Y|3) [ [13 (46)(5(Z12) |
3 1| T231(56)(1].X[4) 24](56)(1]Y'[3) | [51](24){3[Z[6}
Ly [ [12](45)(31X6) 12](35)(41Y[6) | (351(62)(1]|Z]4)

The six gluon sub-amplitudes satisfy the three distinct Dual Ward Identities
obtained from the following equation

m(1,2,3,4,5,6) + m(2,1,3,4,5,6) — m(2,3,1,4,5,86)
+ m(2,3,4,1,5,8) + m(2,3,4,5,1,6) = 0  (2.45)



using the helicity ordering of the first term as either m(1+,2+,3+,4+,5—,6~},
m(1+,2+,3+,4—,5—,6—}or m(1+,2—,3+,4~,5+,6—). These three Identities are
extremely powerful and reiate sub-amplitudes with different orderings of the helici-
ties.

Given the simplicity of the sub-amplitudes with two negative helicities and all
the others positive, equations (2.38), (2.41) and (2.43), it is obvious that the gener-
alization to arbitrary n is

dJ)
(12)(23) -+ - (nl)

: n—1

ig

— e
I

. I ] A\ foy A
Hin=3)+3—-\Llydy.avyitj \&.20)
where once again I and J are the momenta of the negative helicity gluons. Apart
from this being the natural square root of the expression given by Parke and Taylor
[17], it also satisfies the Dual Ward Identity for arbitrary n.

The compiete square of the six-gluon amplitude, including the non-leading color
terms is

E J‘Mﬂglz =

colors
N‘(Nz - l) Zpﬂm‘ \ m(lﬁz’av 455’6) ‘2 (2'47)
1 *
+ %5 (m"(1,2,3,4,5,6)[m(1,3,5,2,6,4)
+m(1,3,6,4,2,5) + m(1,4,2,6,3,5)] +c.c).

Note that the sub-amplitudes add incoherenily to leading order in the number of
colors and the simplicity of the non-leading color terms is achieved by the properties
of the sub-amplitudes, especially the Dual Ward Identity equation (2.35). This re-
sult together with the expressions for the sub-amplitudes, eqn(2.43) and (2.44), can
be used to calculate the matrix element squared by evaluating the sub-amphitudes
as complex numbers. Owing to the simplicity of the sub-amplitudes and the sim-
plicity of the leading and non-leading terms in the number of colors this method of
calculation is appreciable faster than previous numerical algorithms.

The ordering of the gluons in the non-leading color terms is of particular import.
These terms are the only possible ones which have no two or three particle propaga-
tors in common with the original ordering (1,2, 3, 4, 5,6) and as such are less singular
in the collinear limit than the leading part in N. In fact the non-leading color terms
are finite in the coilinear limit so that in this limit they are compietely irrelevant
compared to the leading color terms. Also by comparing numerically the leading to
non-leading pieces for N= 3, the non-leading terms contribute in general only a few
percent to the total cross-section. This result is even true in the soft gluon limit.
Therefore the non-leading terms can be ignored given that this calculation is only



to tree level, and the other uncertainties in any Monte Carlo application are much
larger than this uncertain. The smallness of the non-leading color terms and the
fact that the leading color verms are just the squares of the simple sub-amplitudes
implies that the square of this matrix element is easy to obtain.

3 Factorization Properties

The most important and remarkable properties of the Yang-Mills dual sub-amplitudes
are their factorization properties, whose origin can be traced back to the string pic-
ture. In this section we give the factorization properties of the gluon sub-amplitudes
in

(1) the soft gluon limit,

(2) when two gluons become collinear and
(3) when three giuons add to form an on mass-shell gluon

i.e, on the three gluon pole.

For arbitrary n-gluon scattering these factorization properties of the sub-amplitudes
will extend up to factorization on the [n/2]-gluon poles.

First, we consider the soft gluon limit. Consider the sub-amplitudes when gluon
1 has an energy which is small compared to all the other energies in the process.
Then the gluon sub-amplitudes must satisfy

m(17,2...,n) 1 _soft {(rf—l(;t(i%)?)'} m(2,3...,n) (3.1)
m(1=,2...,n) ‘-2 {ﬁ%} m(2,3...,n). (3.2)

The factors in braces are square roots of the eikonal factor

9* (P - p2)
(Pa-p1) (P1-p3)’

This soft gluon factorization and the incoherence of these sub-amplitudes to leading
order in the number of colors, N, leads to the soft gluon factorization of the full
matrix element squared as proposed by Bassetto, Ciafaloni and Marchesini [18],

2
A [JM.-: |2 1~_|_l-t-)_!t ( g (p| 'p;r) ) |A‘ 2,"-.71,)'2. 3‘3)
e ; (pi- 1) (p1 - p;) i ’ (

[n the limit when two gluons become collinear, Altarelli and Parisi [19] demon-
strated that the double poles associated with this collinear pair do not appear in



the full amplitude squared i.e. there is a cancellation of one power oi the propagator
of the sum of the two collinear gluons. This cancellation occurs at the amplitude
level rather than the square of the ampiitude in this dual formuiation. Therefore the
squared sub-amplitudes diverge no more rapidly than a single power of the propa-
gator for the collinear gluons. this is the Altarelli and Parisi observation. The origin
of this behaviour of the dual sub-amplitudes stems from the factorization properties
of string amplitudes.

To demonstrate this square root divergence of the sub-amplitudes in the collinear
limit, consider the case when the momenta of particles 1 and 2 become parallel. Let
l -2z Pand 2 — (1 -2z) P with P = 0, and z is the momentum fraction of
particle 1. Then the sub-ampiitudes become

+ ) ! -

m(it,2t,3,.. ) Lt )i (12 — m(P*.3,...) (3.4)
2(1-2) Sha
“ 0 g- , N2 —

m(1*,27,3,..., 2 [ig 02 | = m(P*3,...) (3.5)
L/z(l —z)) Su

m(17,27,3,...) L7 {M—} im(P“,B,...). (3.6)

Wzl - z)

Note that either (12) or {12] appears in the numerator of each term. Also. it is useful
to interpret the factor in braces as the “three gluon sub-amplitude” in the limit
when two gluons become collinear. This three gluon sub-amplitude has the square
root suppression of the pole as well as having the square root of the appropriate
Altareili-Parisi gluon-fusion function. From this resuit and the incoherence of the
sub-amplitudes in the square of the matrix element the standard results oi Altaredli
and Parisi are obtained in a simple manner.

The sub-amplitudes also factorize in the three particle channei: here let P =
1 +2+3, then as P? — 0 it is easy to see that

m(1,2,3,4,5,6) — m(1,2,3, - P) %} m(P,4,5,6) (3.7)

for the helicity structure three positive and three negative. Since helicity is conserved
in the four gluon process. the helicity of the intermediate gluon is determined for
this helicity structure and the four positive - two negative helicity sub-amplitude
has no three particle poles.

Of course the full matrix element must also factorize. This is trivial in Feynman
diagram language but here it is not so obvious because of the way we have added



diagrams together. T'he color factors almost factorizes for an SU(N) gauge group,

r(ATATLLATY = S e (ANLLATAT e (ATATE A (3.8)

- %—tr(Al C AT (AT AR,

This “factorization” property of the traces follows from the tdentity
1
Y AL AL = (Ba b — b k). (3.9)

The 1/N term could destroy the full factorization, but it does not. Terms pro-
portional to 1/N vanish at the pole because of the Dual Ward Identity for the

sub-amplitudes. Therefore, all the gluon amplitudes discussed in this paper satisfy,
as expected, the factorization property

—1

Mn+n' - ZMH+1 F

Mﬂl+1 (3-10)

as P? — 0 for n,n’ > 2. The sum is over the color and helicity of the intermediate
state.

From this multi-particle factorization we can understand why the heliaty am-
plitudes (- ~ +...+)and (+ + ~...-) do not contain any propagators with
more than two particles. The residue on & pole with more than two particles in
the propagator is a product of two subamplitudes one of which has the following
helicity structures (+...+), (= +...+),(+ —...=)or {—...=). All of which
have been shown to vanish. Therefore these special helicity structures have only
soft and collinear poles.

4 Recursive Relations

The color structure for purely giuonic and processes involving gluons and a quark-
antiquark pair defined in previous sections allows for the reorganization of the per-
turbation theory in a efficient and straight forward manner. The building blocks
are color ordered vector and spinorial currents defined with a gluon off mass shell,
or a quark or antiquark off mass shell, with all other particles on mass shell. If
you have caiculated these building blocks for n on mass shell legs then there are
recursion relationships, the Berends-Giele recursion relations, ref.[20], which allow
you to simply evaluate these currents with (n + 1) on mass shell legs. This allows
for computer evaluation of processes with a large number of external particlesml}.
A detailed and self-contained description of the use of recursive relations in the
calculation of muiti-parton processes can be found in Giele's thesis {22].



n
Figure 6: The color ordered gluonic current.

4.1 Color Ordered Gluon Currents

From the set of coior truncated Feynman diagrams that make up the subampli-
tude, m(1,2,...,n}, one can form a color ordered giuonic current by replacing the
polarization vector of the n — th gluon with the propagator and allowing the mo-
mentum of this gluon to be off mass shell but still retain momentum conservation.
This color ordered gluonic current will be represented by Fig. 6, where the dotted
line represents the gluon which is off mass shell. This current will be written as
Ju(l,...,m—1) and the subamplitude can be reconstructed from this current by
multiplying by the inverse propagator and contracting with a polarization vector
and allowing the momentum of this gluon to be on mass shell,

m(1,2,... sn) = {Eﬁ(pﬂ) 1{10(1,72 - 1)]2 J#(L"'ﬂ"’ - 1)} [P(Lﬂ-'l):"—!’n! (4'1)
where, P(1,n) = Y7 p.

Of course these currents, J,,, are not gauge invariant and do depend on the choice
of reference momenta chosen for the {n — 1) on mass shell gluons. Also they depend
on the helicity of the on mass shell gluons. However these color ordered gluonic
currents can be used as building blocks for gluonic currents with more external on
mass shell legs.

Consider a gluonic current with n on mass shell gluons. Then the off mass shell
gluon is attached to the rest of the gluons either through a three or a four point
color ordered gluon coupling. At these vertices the other legs are attached to color
ordered gluonic currents with fewer than n on mass shell gluons. This can be seen
diagrammaticaily in Fig. 7. Hence, the color ordered gluonic current with = on
mass shell gluons can be written in terms of gluonic currents with less than n on
mass shell gluons. This is the Berends-Giele recursion relation20! for gluonic color
ordered currents and algebraically it is written as



P i I
S 2 oae : a2 n 5 ot
----- ol R B
Q’}\,n - : =1 jsiel E

Figure 7: A graphical representation of the Berends-Giele gluonic recursion relation.

Tulbom) = el VIR, PG+ Lm) (L) i+ L. )
+ ri‘i nz—:z Varerr J(1,.. ., 0) i+ 1,...,7) (7 +1,...,n)} (4.2)

=i+l =1

where the color ordered three and four gluon vertices are,

VI*P(P,Q) = i (g (P—Q) — 2¢%% Q¥ - 2¢* P?),

7 )
2
Vamr - i%‘ (2¢* g7 — g* 9% — ¢ ™). (4.3)

The current with one on mass shell gluon is defined as
L) = eln). (4.4)

The giuonic currents, J.(1,...,n), satisfy properties that are similar to the gluon
subamplitude, m(1,2,.... n).

1. Dual Ward identity:

JU(1,2,3,...,2) + Ju(2,,,3,...,n). -+ = Ju(2,3,....n,1) =0, (4.5)



2. Reflectivity: ,
JJ(1,....n) = (=1)** J,(n,..., 1) (4.6)

3. J.(1,...,n} is conserved:

P(Ln)* Ju(1,....n) = 0 (4.7)

There are simple analytical expressions for the color ordered gluonic currents
if all the helicities are the same or if one is different from the others. Of course
we must define the reference momentum for the gluons. Here the symbol ¢ for the

gluons must be expanded to i} where the i-th gluon has helicity A and reference
light-like momentum k. Then

- : k

L0520 D) = gt e D) ) (48)

v2 (k1) (12} ---in — In) (nk)

and

. _ o (k44 Pl1,n) k)
Ju(17,20,. -+, = (~1)* g"! - : 4.9
wlle) 2 ) (-1)" g ﬂ[kl][l?.]---[n—ln][nk] (4.9)
Berends and Giele, ref.[20], give compact expressions for J,(1F,2%,...,n%) for

a given choice of reference momenta.

4.2 Color Ordered Quark Currents

For the subamplitudes involving a quark-antiquark pair and gluons one can define
a Quark and Antiquark color ordered spinorial current. see Fig. 8. in a way similar
to the giuon currents that were defined in the last section. We will write the Quark
current as U{g,1,...,n) and the Antiquark current as V(1,...,n,g).

The quark-antiquark pair plus gluon subamplitudes can be obtained from these
currents as follows:

m{g,1,....n,4) = {q|(+)(@+ P(La)V(L,....n7) lqrPrm)=-a

= EF(Qa L. ,R)(—l)((i h P(lv n)) \q) Lq+P(1.n)=Jﬁ (410)

In manner similar to the gluon current. a recursion relation can be written for
this color orderea Quark current [20], see Fig. 9,

n-1 .
T(g,1.....,.n) = 5 U{g,1,...,m i'y”.f‘m—hl,....n\ - .
( T a T g~ P(Lng)

t

(4.11)



Figure 8: The quark. (a), and antiquark, (b) color ordered spinoriai currents.

and for the Anti-quark current!20!

n

_ —1 g _
V(l,...oon,@) = Y o Z ] (L....m)V(m+1,...,n,9) (4.12)
m @+ P(La))v2

and where the spinor currents for the zero gluon case are defined to be
Ul(q) = u(q), V(@) = »(g) (4.13)

in Bjorken and Drell notation.

These color ordered spinor currents can be defined for massive or massless quarks.
For massive quarks the propagators in the recursion relations Egs. (4.11,4.12) must
be modified by adding the appropriate mass term. For massless quarks these spinor
currents carry a chirality such that

(1 = v) V(l,....,n,3=) =0, Ulg*,1,...,0)(1 = ~5) =0, (4.14)
Also for the massless case the zero gluon currents are simply

U(g®) = {(gI, V({g*) = [3F). (4.15)

Again there are simple analytic expressions for these color ordered spinor currents
when all the gluons have the same helicity as the fermion,

a k= (g + Pl1,n))

(4.16)

+1(d+ P(1,n))
[q1j[12] -+ ink]

U(q_alf:ﬂ"-an;) = _(__g)n <k (4'17)



Figure 9: Graphical representations of the Berends-Giele quark, (a), and antiquark,
{b), recursion relations.

_ (@4 P(L0)) [k+)
(k1)(12) -+ (ng) ’

V(1% .onfhT0) = (4.18)

and .
?I— + P(lvn)) |k_)

_ o n
V(5. .- n, T ) = "_(_g) {kl][12][n?j]

(4.19)

If there is one gluon with opposite helicity to that of the fermion, the spinorial
currents are

[qk}(q +|

U(q+71;) = —g [ql][lk] :

(4.20)



TF(o— 1y _ . lgk)(g =1
U(g™,1;) = QW, (4.21)

e q—)kg]
V(15,37) = - qu—":r (4.22)
L7 Y Tk1][13)

and

t ooy gD
V(15,37) = gm- (4.23)

Fipally, for two gluons with opposite helicity, we have the following spinorial
currents,

Ulg~,15,27) = -9 (q2)° (1+1(g+1+2) (4.24)
q slay47 ) = (ql)Su(q+l+2)’ (g 3 .
2
o~ 1~ o+ g* [2¢/{q1) | N
T(q~,17,27) = 2+ 1{G+1+2), 4.25
V(17,27,37) = (I+2+§)2+) ~g” 13" (4.26)
20404 e 2 T 9)1502q)
ad : [2g)(q)
V(17,25,37) = (1+2+§) )3 =4\d (4.27)

(1+2+79)3512(2g)

A straight forward example using these currents is to calculate the sub-amplitude
for (¢7,1%,27,3") process,

T - =+

m(g”,17.27.3%)

f

Ulg7) i(i+2+73) V(17,27,77)
ig® (42)°(32)
(q1)(12)(23)(gq0)’

which is the previousiy obtained result. The spinorial currents defined here can be

used to derive many of the results of other section, especially the section involving
multiple gauge groups.

(4.28)

4.3 The Insertion ofa W or 7

A spontaneously broken gauge group does not have a simple generalization of the
previous subsections. However, the insertion of one such massive vector particle,



W or Z, can be easily incorporated. Consider the scattering of a quark-antiquark n
gluons and a W vector boson. Then the amplitude for this process is written as

Alg, 1,...,n, g W)= Z(/\l AN mig, L, n, G WY) (4.29)
P

where the subampiitude can be written as

(l -—’Ys)
2

Here the recursion techniques have been explicitly used.

m(g,1,...,n,q; W) =1 &}y Zﬁ(q‘,l....,i)*}rﬂ

1=0

V(z+1,...,n,g7). (4.30)

This expression can be used in one of two ways: either one can square it directly
or allow the W boson to decay into another fermion-antifermion pair. If one squares
this expression direcily the reiationship
Wew

V(2
Mg

Z E';;VCI;V' = “"g“u - (4-31)

poi
can be employed.
The other alternative 1s to replace the polarization of the W vector boson by the

amplitude for it to decay into a lepton-antilepton pair. Then Eq. (4.30) is written
as

mig e m g 5 T) = - T (T
(_gi-lv - Eﬁg—u’)
8 (W? = Mi, + iMwlw)
% Z?(q',l,...,i)vu(—l—:;—%—)»V{iﬁ-1,...,n,§+14.32)
=0

[f we use the fact that the charged lepton is effectively massless, compared to Mw,
the Fierz rearrangement gives

mig,1,....n,q; L, L} =

_21,2“: Ulg, 1, )LD (T V(E+1,...,n,q"

)
4.33
— (W? — M3 + i MwTw) 4.33)

Using the resuits from the recursion relation section of this report. the sub-
amplitude for the process qg — W — LI is
—2 [L g/{qL)
(¥V2 - —""IEV T+ iﬂ’.{wrw)
% {qL)" TL)
lqg) (W2 - ME& + iMwlw)
e
- 2lgl b - (4.34)
19g| (W2 — 111"2:/ + 1wy

mwiq 5" ; L7, L")




Adding n gluons with the same helicity to this process, gives
mw(g .90y 90,3 L7, L7) =
% (qL)* TL|

4.35
(qL){12) -+ - (ng) (W? — M3 +iMwlw)’ ( )
mw(q_,gf,--',g;,§+;L_,f+} =
(=1~ 2 [g I} (TL) (4.36)
If we add two gluons of opposite helicity, then the sub-amplitudes are
- g gs.FT- L TTY — ~2i
mw(q 291,92, 4 v L y L ) = (W’ — Mﬁ,+z’Mwl'W)
QDL —d - Wihag?  (g2)(qL)(T qll1g]
Sqw 51 (27 (ql) 512 [27]
3 = i T =

(ql) SyaSzw

and

21
(W’ - JWEV -+ ierw)
(@D (L+1g+Wlii+) 28 18) . @+ §+WIL+) (T+1g+ W 1+)
( Sew S12 (29) N (q1] 512 (27)
(¢2) (q1) (2 +iG+ W |L+)(L

[q1] S12 Szw

mw(q_,g{,g;,ﬁ*';L“,fJ') =

+

). (4.38)

These expressions reproduce well known results.

The previous discussion can be extended to include the Z boson by decomposing
the coupling of the Z to the quarks and leptons into its left and right handed
parts and then proceeding as with the W boson. For a complete discussion of the
calculation for these processes, including the complete results for processes including
a W boson plus five partons see Berends, Giele and Kuijf, ref.[23]. These results
agree with those independently obtained by Hagiwara and Zeppenfeld, ref.[24].

5 Approximate Matrix Elements

The techniques described in the previous Sections provide very powerful tools to cal-
culate the matrix elements of very complex processes. As an exampile, the Berends



and Giele recursive reiations were recently used for the calculation of 8-gluon scatter-
ing [25]). The resulting expressions, however, prove very slow to evaluate numerically
because of their complexity, thus making it almost impossible to generate 2 number
of events large enough to periorm relevant physics studies.

These considerations, and the importance of having fast event generators to
simulate multi-jet processes at high-energy hadron colliders, where these processes
will provide important backgrounds to many possible new physics signals, justify the
study of approximate expressions which describe sufficiently well the exact matrix
elements throughout phase-space and at the same time are simple enough to allow
very fast simulations.

Kunszt and Stirling {26] and Maxweil [27] were the first to realize that the Parke
and Taylor amplitudes, Equation (2.46), can be properly fudged in a systematic way
so as to reproduce the full sum over all the allowed helicity ampiitudes for gluonic
processes. This idea was later generalized to other processes in which at least one set
of helicity amplitudes is known in both hadronic {27, 28, 29! and e*e™ [30] multi-jet
production. In this Section we will describe these various approximation schemes,
referring the reader to the original literature for numerical comparisons between
them.

5.1 The Kunszt and Stirling Approximation

We will start from the simplest scheme, namely that of Kunszt and Stirling (KS

see Ref. [26}) It amounts to assuming that all of the helicity amplitudes have 'on
average’ the same value, and therefore the full amplitude can just be obtained by
multiplying the Parke and Taylor (PT) expressions by a proper weight, representing
the ratio between the number of non-zero helicity configurations and the number of
the Maximum Helicity Violating (MHV) configurations whose matrix-elements are

described by the PT formula.

This approximation becomes particularly simple when neglecting sub-leading
terms in 1/N. This is justified because the sub-leading terms have softer collinear
singularities than the leading ones, and therefore do not contribute substantially to
the numerical value of the matrix elements. In particular, for n = 6 the sub-leading
terms are finite {12], and only contribute of the order of few percent to the full
squate.

For an n-gluon process the number of MHV amplitudes is n(rn — 1) if n > 4 and
n(n —1)/2 if n = 4. The total number of non-zero helicity amplitudes is instead
2" —~2(n+1). For n = 4,5 these multiplicities coincide, and the PT formula describes



the exact results, as is well known. For n larger than 5, the KS approximation gives:

2 = 2(n + 1)

da.gﬂ'"ﬂ--'ﬂ —
Ks n(n — 1)

dertsy (5.1)

For n = 6,7 , for example, the fudge factor is 5/3 and 8/3, respectively.

To describe processes with initial state quarks, KS suggest the use of the so
called effective structure function approximation, which gives a good description
of the two-to-two QCD processes. According to this approximation in most of the
relevant phase-space the differential cross-sections for processes initiated by gg, by
gg and by qq or ¢ stand in a constant ratio:

dog : dogg : dogg = 1 : 4/9 : (4/9)% (5.2)

[n this way the full differential cross-section, weighted by the appropriate structure
functions, reads:

Ao = F(z,)F(z3)dog,, (5.3)
F(z) = g(z) + 4/9(a(=) + 4(=)), - (5.4)

g{z) and g(z) being the gluon and quark structure functions. For doy,, finally, one
takes Eq.(5.1).

The KS approximation scheme tends to overestimate the exact results and the
effective structure function epproximation is less and less accurate for an increas-
ing number of partons in the final state; nevertheless the KS approximation is an
extremely useful tool for simple but significant estimates of muiti-jet rates and dis-

tributions. For comparisons of this scheme with exact calculations, see for example
References (26, 28, 29, 21].

5.2 The Infrared Reduction Technique

It is well known that in the limit in which two partons (say z and 7) become collinear,
a given process can be described in the Weisszaker- Williams (W-W) approximation:

1

do™ =
2(pip;)

f(z) de(®=1) (5.5)

where f(z) is an appropriate function of the fraction of momentum carried by one
of the two partons becoming collinear, and dof"~') is the partonic cross-section for
the effective (n — 1)-particle process in which the two collinear partons are replaced
by the single one into which they merge. On the pole the W-W approximation is
nothing but the factorization of the amplitude, discussed in various occasions in the



previous Sections. The functions f(z), in the case of a QCD process, are just the
Altarelii-Parisi (AP) [19] splitting functions.

The infrared reduction technique introduced by Maxweil [27] improves the W-W
approximation by using the exact matrix elements for some simple helicity configu-

rations, and derives the other helicity configurations by approximating their relative
weights at the closest collinear poie.

Next to a collinear pole (say p, - p; — 0) each of the non-vanishing helicity
amplitudes will factorize in the following way:

1
de™ = = (z) doi™™ Y = finite 5.6
h 2(?1}72) ; f’l ( ) o-h ( )

where %’ are the various helicity configurations which can contribute to the factoriza-
tion, and fu(z) are the corresponding polarized AP splitting functions, depending
on the varizble z = E,/(E, -+ £;). For the time being we will restrict our attention to
gluon scattering. For the full process, factorization is described by Equation (5.5),
with f(z) given by:

1+ 2zt +(1—2)*

=g 5.7
f[(z) = ¢ N =) (5.7)
If we just sum over the PT amplitudes, instead, we obtain:
n 1 —
dag’:‘l}' = ——= fpr(z,si;) da'gaT 2 (5.8)

2(p1pa)

where da'g})' is the sum over all the MHV amplitudes, and fpr{z,s;;) is given by:

R4 24 +(1-2)*

frr(z,s55) = ¢°N = o) (5.9)
. gt

R = _Z_‘{Lfi’ (5.10)
28

the indices ¢ and j being different from the collinear particles, and P being the sum
of the collinear momenta.

Equation (5.8) can also be rewritten in the following fashion:

n _ 1 o
dot) = ! - fap(z) dop ™ (5.11)
2(p1p2)

with:
(L+ R} +z* + (1 —2)*
R4zt +(1 - 2)

x(z,345) = (5.12)



By equating Equations (5.11) and {5.5) we therefore obtain:
dafyy = dopp x(z, i) —~—-—da’ = (5.13)

Maxweil suggested that while the W-W approximation is not very good unless we
are very close to a collinear pole, Equation (5.13) is rather good throughout phase-
space, provided we perform the factorization considering the pair of partons with
the minimum s;;. In other words, while the value of the fuil differential cross section
is not well reproduced in the W-W approximation away from the collinear poles,
what is well approximated is the relative weight of different helicity amphitudes.

Since da’}fd, = da-ﬁf%, for n = 6 we obtain:

d"'J('?u = doblx(z,s:) (5.14)

while for larger n the infrared reduction can be iterated, giving:

d"'s":u)u = d"g?z)‘ TT xx(z, 955), (5.15)

k=6
with an cbvious notation.

If the two partons which minimize |s;;| belong to initial and final state, we can
still use Equations (5.13) and (5.12) provided we keep all of the momenta as outgoing
(which implies that the energies of the initial state particles will be negative) and
define: E

: = T E (5.18)
The z defined in this way cannot be interpreted directly as the fraction of momentum
anymore, since it will not satisfy the constraint 0 < z < 1. In particular, if 7 is the
final state parton then z < 0, whileif i is the initial state, then z > {. Howeverit can
be easily checked that with this prescription Equations (5.13) and (5.12) reproduce
the desired factorization properties.

This reduction technique has been applied to many processes, see Mangano and
Parkel? for references.

6 Conclusion

In following lectures | have shown how to use the Helicity Amplitude technique to
calculate the cross section for many processes involving large numbers of partons
in the final state. This technique gives exact analytic matrix elements, numerical



recursive algorithms or approximate matrix elements for evaluating cross sections
and hence is an extremely powerful tool for phenomenological studies of multi-jet
phenomera in High Energy Colliders.

I would like to thank all the organizers of this school for the very warm hospi-
tality provided during my stay in Mexico and to the students who provided many
stimulating conversation between sessions.

A Appendix: Spinor Calculus and Feynman Rules

A.1 Spinor Calculus

In the Weyl basis define

1 , o1
lp£) = (1 £s)v(p) (pxl = ap)5(1 F ) (A.1)
From these spinors we can form various spinor products

(pa) = (p—lg+) [pq] = (p+ig—), (A.2)

(p—lg-)=0 (p+ig+) =0 (A.3)
which are normalized so that
(p£!7.lpt) = 2p,. (A4)

From the properties of the Dirac algebra, it is straightforward to prove the following
useful identities:

pipt) = (pxlp = 0 (A.5)
(pg) = ~{gp),  [pgl= —{gp} (A.6)
(pp) = [pp] = 0 (A.T)
p= p+)p+i + lp—Hp—: (A.8)
2px)(e %] = (1&g =l ), (A9)

ipq] = —sign(p- q)(pg)’ (A.10)



(Pa)lgp] = Spq = 2(p-q), (A.11)

PV Vormer 19E) = {8 F | Vamar -+ - e (PF), (A.12)
PEVur oo VT 19F) = — (@2 Yzn -+ Y [PF), (A.13)
(AB)(CD) = (ADY{(CB) + (AC)(BD) (A.14)
(A +{7. |[B+)(C —|4*|D—) = 2{AD|(CB). (A.15)

A numerical recipe for evaluating these spinor products is
(17} = /Si;] exp (igy;), (A.16)
5] = /1551 exp (igy;). (A.17)

If both momenta having positive energy, the phase factor ¢ij is defined, in a popular
representation of the gamma matrices, by

(pipf — pip?)

cos ¢11 = \/p;'-p;_ Su
2pF _ g2+
oy = (pip; Pp) (A.18)
’ \/P?'P}'Si:‘

Where p= = (p° = p”) and since p} = 0, the spinor product for this representation
of gamma matrices are undefined for a momentum vector in the minus 3 direction.
If one or more of the momenta in (ij) have negative energy, @i; is calculated with
minus the momenta with negative energy and then nr/2 is added to ¢i; where n
is the number of negative momenta in the spinor product. The associated phase
factor, @;; , for [ij] can be calculated from Sis using the identity Si; = (ij) [ji}.

A.2 Summary of Feynman Rules

Here we summarize the Color truncated Feynman rules, where all the vertices are
cyclically ordered and all momenta are outgoing. Demonstra.tmg that the subampli-

tudes m(g1, g2, g3, 94) and m(q, g1, gz, §) are gauge invariant is an easy way to check
the consistency of our conventions.



External, outgoing fermion, F, helicity =:

(F +|. (A.19)

External, outgoing anti-fermion, F, helicity =:

|FF). (A.20)

External, outgoing vector, momentum p, reference k, helicity +:

i _ * .kt
E“(p,k) = i{}m}, (A.Zl)

k) 1=l (PR) kT + k=), (A22)

Fermion propagator. momentum g, in the direction of the fermion arrow:

i qu (A.23)
o Vector propagator, momentum p:
—i 9?“;-. (A.24)
» Fermion-vector-antifermion vertex, order ( FVF):
i % Y (A.25)
¢ Tri-Vector vertex, order (123), all momenta outgoing from vertex:
§ 5 121~ Pusins + (P2 = Pl G + (B3 = P s Gnin]- (A.26)

Quartic-Vector vertex, order (1234):

2
.g
L (2.‘?#1#:9#:»4 = GumimeGuany — Guipa Gusns ) (A.27)
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